. e A Ak b

ApA103468

AFGL-TR-81-0068 \/

AN ALGORITHM FOR Fe (y) USING CUBIC B-SPLINES

Hamish Ross

University of Rochester
Rochester

New York 14627

Scientific Report No. 1

November 1980

Approved for public release; distribution unlimited

AIR FORCE GEOPHYSICS LABORATORY
AIR FORCE SYSTEMS COMMAND
UNITED STATES AIR FORCE

HANSCOM AFB, MASSACHUSETTS 01731

L/
e




Qualified requestors may obtain additional copies from the
Defense Technical Information Center. All others should
apply to the National Technical Information Service. ¢




e < 2 e ot et e+ e,

e n / Y “ ' — .
SECuanYJ;kE:siFllifTsllofloeF‘LTle PAGE (When Date Entered) ( /‘f/j < efL /k/,_/—)—l /'_IC - -L .

Q REPORT DOCUMENTATION

PAGE "’

READ INSTRUCTIONS
BEFORE COMPLETING FORM

AFGLYTR-81-#p68 147

2. GOVY ACCESSION

i

RECIPIENT'S CATALOG NUMOIER

—
——— .

/)

+ An Algorithm for Fe(y) Using Cubic B-Splines‘,

ALOR

TYPE OF REFORT & PERIOD COVERED
Scientific Report No. 1

6. PERFORMING ORG. REPORY NUMBER

AUTHOR(a)

7.
1
! ——

Hamish Ross

Vo—- .
d reta

8. CONTRACT OR GRANT NUMBER(s)

Y
-p003 .

vF19628-§ﬁ-C

9. FERFORMING ORGANIZATION NAME AND ADDRESS

University of Rochester
Rochester, New York 14627

10. PROGRAM ELEMENT. PROJECT, TASK
AREA & WORK UNIT N -

e

F
667009AG

aim

1.

CONTROLLING OFFICE NAME AND ADDRESS

Air Force Geophysics Laboratory

4|2.R ATE _
i Novonbor~i0§ﬂ”,

Hanscom AFB, Massachusetts (01731

Monitor/Irving 1. Gringorten/LYD
14. MONITORING AGENCY NAME & ADODRESS({f different from Controlling Office)

13. NUMBER OF PAGES

19

15. SECURITY CLASS. (of this report)

Unclassified

15a. DECLASSIFICATION. DOWNGRADING
SCHEDULE

16. DISTRIBUTION STATEMENT (of this Report)

Approved for Public Release, Distribution Unlimited

17. DISTRIBUTION STATEMENT (of the abatract entered In Block 20, If different from Report)

18. SUPPLEMENTARY NOTES

19. KEY WORDS (Continue on reverse side if necessary and identify by block number)

Ornstein-Uhlenbeck Process
Extreme Values

Algorithm

Cubic B-Splines

wRACT (Continue on reverae side {f necessary snd identity by block number)

This note describes an algorithm whereby the distributions of the Maximum
of the Stationary Gaussian Markov Process over an interval may be computed
efficiently. It is an extension of the earlier report (Keilson and Ross, 1978

), whose notation it employs. The (zeros and residues) algorithm of the
earlier report is one of the starting points for the development of the new
algorithm. The relationship of the old and new algorithms is described in the
first two sections of this note. Section 3 provides some of the methodology

N

FORM
JAN 73

DD ,

Y473  EDITION OF t NOV 85 1S OBSOLETE f\ Unclassified

adidimi, sttty




- - < R ' N . .
5 . . R - : . . . ._._..v.‘} ~ =
e ol . —ns :

‘ SECURITY CLASSIFICATION OF TKIS PAGE(When Date Bntered)
. 20,

Hof cubic splines, and Sections 4 and 5 describe its use in the algorithm. Sec-
tion 6 contains some comments on the accuracy and economy of the method./

SECURITY CLASSIFICATION OF THIS PAGE(When Date Entered)




Table of Contents

Page
! 0. Introduction 1
1. Problem Statement 2
2. Algorithm Development 3
3. Cubic B-splines 5
4. Spline representations for A(y), a(y) and Ge(Y) 10
5. Later modification to the basic algorithm 12
6. Accuracy and Economy 14
References 15
Accession Far L,
nris oRal A
DTIC TAB a
Unannounced g

Justification .

B -
Dictribution/ o
‘ Availzbility Codes
T 7 lAveil and/er
Dict ! Speclal

f

iii




An Algorithm for Fe(y) Using Cubic B-Splines

0. Introduction

This note describes an algorithm whereby the distribution of the
Maximum of the Stationary Gaussian Markov Process over an interval may be
computed efficiently. It is an extension of the earlier report (Keilson
and Ross, 1978 [1]) whose notation it employs. The (zeros and residues)
algorithm of the earlier report is one of the starting points for the
development of the new algorithm. The relationship of the old and new
algorithms is described in the first two sections of this note. Sectiorn 3
provides some of the methodology of cubic splines and Sections 4 and 5
describe its use in the algorithm. Section 6 contains some comments on

the accuracy and economy of the method.
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1. Problem Statement

The function Fe(y) can be computed to better than 6 decimal place
accuracy over the half plane 0 £ § < w, -» < y < » using a combination
of algorithms. The principal ones are the zeros and residues method for
6 2 1 and series expansions in v for 6 < 1. Both these methods require
such lengthy computations for each value of Fe(y) that they do not provide
a practical algorithm in cases where considerable numbers of values of
Fe(y) are needed cheaply and quicklv. Nonetheless. Fe(v) is a simnle
and well-behaved function of its arcuments. It is monotonicallv increas-
ing as a function of y for all 6 and monotonically decreasing as a function
of & for all y. It therefore seems appropriate to look for some represen-
tation of the function which is easily evaluated and does not require too
many stored constants. The latter requirement rules out the straightforward
idea of simply storing a large table of values and interpolating. Use may
be made of the fact that over much of the 6-y plane the function is ade-
quately represented by a simple exponential form, but since in some regions
this does not give even one decimal place accuracy, additions to the single
exponential form are required. Since the principal goals for this algorithm
are low cost, speed and portability rather than high accuracy, it was designed

to be accurate to only 4 decimal places rather than the 6 places achieved by

the earlier, slower methods.




2. Algorithm Development

Numerical calculation using the slow version of the algorithm shows

the following facts:

(a) For y < -4, Fe(y) < 0.0001 .

[T .

_if (b) For y 2 -4 and outside the rectangle 0 < 6 < 4 and -4 < y < 4,
;f; Fe(y) may be represented to 4 decimal place accuracy by the
B expression a(y)exp(-A(y)6), where A(y) is the first zero in the

zeros and residues representation of Fe(y) and a(y) = exp(-0.5 L

B(y)/ (Y21 A(y)). B(y) is the residue of D__ ;(-y)/D__(-y) at _
%ri s = -A(y) (c.f. equations (2.11) and (2.10) of the blue 1978 %
f report).

(c) For y 28, a(y) = 1.0000 and A(y) is given to better than 4 decimal
place accuracy by _
y 2/2 ‘
Ay) 3 (1//2m édx e*

2 .
e U2y a0 v 1y? e syt v 1siy® s 10s7y8) *

E (d) Within the rectangle 0 < 6 < 4 and -4 <y < 4, Fe(y) may be written

as

Fo(y) = al(y)exp(-A(y)8) + G,(y)

i e st A

where the first term is as in (b) above, and Ge(y) is a correction

j term with the following properties:
v I. Ge(y) > 0
I1. Ge(y) has a maximum value of less than 0.2 at a point

close to 8 = 0, y = 0. It falls away from that maximum




in all directions and in less than 0.0001 on and

outside the three lines y = -4, 0 < 6 < 4; y = 4,

i
0<6<4;and6 =4, -4<ysx 4, '
P

é In view of facts (a), (b), (c) and (d) above, the problem of finding a

é. concise representation of Fe(y) becomes one of finding:

E‘ I, a representation for A(y) and a(y) for -4 <y < 8

- 11, a representation for Ge(y) throughout the area -4 <y < 4, 0 < 6 < 4.

In both cases representation in terms of cubic B-splines are used. The next
section is a description of the properties of cubic B-splines needed in the

development of the algorithm.




3. Cubic B-splines

The material on B-splines used in the development of the algorithms
may be found in Cox [2], Hayes [3] and Hayes and Halliday [4]. This section
summarizes some of the material from [2}, [3] and [4].
Cubic splines provide a way of interpolating a function given at a
set of data points using a set of cubic polynomial arcs. More formally,
a cubic spline s{x) on a set of knots TysTpsenesTy (rl ST, <l < rn) is
a function of x possessing the following two properties.

I. In each of the intervals x < 1 < x < T, j o= 2,...,n;

1’ Ti-1
L. < x, s(x) is a polynomial of degree 3 or lower.

I1. S(x) and its first and second derivatives are continuous. For a
given finite set of knots the set of cubic splines is a finite dimensional
linear space. In the development of algorithms it is useful to work with a
basis set of splines which have a specific form and which lead to an effi-
cient and well-conditioned evaluation algorithm. Then any cubic spline on
that knot set has a representation of the form S(x) = .E yiBi(x) where
the set {Bi})i\=l is the basis set and y; are weights ch;;in to make S(x)
approximate some desired function f(x).

A commonly used basis set is the set of B-splines which may be defined
as follows (cf. [2], [3], [4] and [5]). The cubic B-spline Bi(x) is the
cubic spline with knots Tioar Yio30 Tyl Tiog and TS, which is zero every-
where except in the range Ti g <X <15, This defines Bi(x) uniquely except

for an arbitrary scale factor which is conventionally chosen to make

f Bi(x)dx = %. A cubic B-spline looks like a piecewise cubic localized

- 00

'hump' function as shown in the dia~ram below.




B.(x) (Symmetric for uniformly
i
spaced knots)

The function and its first two derivatives are zero at the end points.
Though expressions for Bi(x) may be written out explicitly in terms of
powers of x (cf. [4], p. 95), these do not always provide the best method
for evaluating Bi(x) since the calculation may be ill-conditioned if the
knot spacing is irregular. A stable method of evaluating Bi(x) uses
recurrence on the order of the splines. Splines of order n+l are made up
of polynomial arcs of order n, so cubic splines are splines of order 4.
Thus, what has been written as Bi(x) should be written more fully as
B, .(x). In this notation the recurrence formula to be used (cf. [2],

4,1
p. 137, or [3], p. 149, or [4], p. 95) is

B (x) = (x - Tn—i)Bn-l,i—l(x) * (Ti ) x)Bn-l,i(x)
n,i T, - T,
i i-n

1/(1i - Ti_l) if i < x < Y

with B, . =
0 otherwise .

YT T




Because of the local nature of B-splines (see diagram above), for any
given x no more than 4 of the members of the basis set are non-zero. If

x is a knot, only 3 are non-zero. Therefore, to evaluate the cubic spline

S(x) = 4% YiBi(x) at x = 1 evaluate the 4 B-splines Bi(r) = BA,i(T)’ for
i= j,ji;fj+2,j*3 which.are non-zero, using the recurrence at the top of J
the page. Then s(1) = ?E% yiBi(r). In practice it is convenient to eval-
uate the 4 required B-s;Iines together via a calculation scheme which looks
like
Step 1 Step 2 Step 3 Step 4
81,3 823 B3, ] B4,
By, i+1 B3 jel Ba, e
B3,j+2 B4,j+2
Bd,j+3

In the above description of how to evaluate a cubic spline, it has heen

assumed that the set of weights {Yi}t_l has been given. In using the spliie
X =

S(x) = Z yiBi(x) to approximate a function f(x), an appropriate set of
i=1

weights must be calculated. There are a number of ways to do that. The oxe

chosen depends on what is to constitute a good approximation of S(x) to f(x:.
For the present purpose, the following method is used. Suppose the functior

f(x) is to be approximated by the spline s(x) in the interval a < x < b,

n+6 _ B
Choose n+6 knots {ri}i=1 so that TP ST, < Tg T T AT L < =

b<n1 < That is, n of the knots are within the set a < x s b

T <71 .
n+4 n+5 n+6

and 6 are outside. No values of f(x) are needed for these 6 knots, however.
n+2

Then the desired spline approximation to f(x) is s(x) = 2 YiBi(x) where
i=1




R U

the Y; are determined by the n+2 condition f(Ti) = s(ri) for i = 4,5,...,n+3,
1] L L] 1
f (14) = s (14) and f (Tn*s) =5 (Tn*s), which expresses the fact that the
spline matches the function at the n knots in a < x < b, and the derivative '
of the spline matches the derivative of the function at the end points.
Since at any knot only 3 of the B-splines Bi(x) are non-zero, the following

set of equations results:

1 L] 1
Y1By(14)  + v,B,(1,) + 7383(14) = £ (1,)
Yan(Tn+3) * Yn+an+l(Tn+3) * Yn+25n+2(rn+3) = f(Tn+3)
t | 1 1)
Yan(Tn+3) * Yn+an+1(Tn+3) * Yn+28n+2(Tn+3) =f (Tn+3)

which may be written in matrix form as

HEo
<
H

trh

This equation may be solved for the vector y by inverting the matrix B
using a standard Gaussian elimination algorithm. An alternative method
exploits the fact that B is a band matrix with no more than three non-zero
elements in any row and is diagonally dominant so simpler and more efficient
algorithms may be employed with profit. (For details see Ahlberg, Nilson

and Walsh [6], pp. 12-14.) De Boor [5], p. 206 solves the same problem

for more general types of banded diagonally dominant matrices. Thus, using




t

¥
.y any of a number of more or less standard procedures the vector of weights
g 5 g

%‘ {Yi}2:§ for the spline approximation S(x) = X yiBi(x) to the function

i=1

f(x) may be computed.
i In computing a spline representation the optimal choice of knot posi-
s tions which gives highest accuracy for a given number of knots is quite
complicated. For the present purpose, equally spaced knots were used and
their number increased (spacing decreased) until the desired accuracy was

reached. In that connection it may be noted that for cubic splines and

the type of smooth function being approximated, the maximum error in the

representation is proportional to the fourth power of the know separaticn.

Thus, increasing the number of knots by a factor of 2 improves the accuracy

e e e

by a factor of 16.

:1i1i1<ﬁ

R
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4. Spline representations for A(y), a(y) and Ge(y)
I. XA(y) and a(y). These are functions of the single variable y and
the application of the algorithms of the previous section is straightforward. t
The range of y values to be covered was -4 < y < 8. Thirty-four uniformly
spaced knots were used (spacing 8/22 = 0.363636), giving 36 spline coeffi-
cients. Since there is a substantial change in the size of A(y) and a(y)
over the range of y (several orders of magnitude in the case of i(y)), the
functions approximated were log(A(y)) and log{a(y)). The values of the
derivatives at the end points were approximated using a 5-point numerical
differentiation formula.
II. Ge(y) is a function of 2 variables. For each of 23 equally spaced

values of y (y = -4.0 + 8k/22; k = 0,1,...,22), a spline representation of
Ge(y) as a function of V8 in the range 0 < /8 < 2 was computed. V8 was
used rather than 8 since for small 8, Fe(y) is proportional to /6. Eight
knots were used with a spacing of 2/7 = 0.285714. This gave 10 spline
coefficients, each of which is a function of y. Each of these functions of
y were then spline fitted using 23 knots giving 25 spline coefficients. On
the 8 = 0 boundary the derivative ;%% Ge(y) is f% exp{-0.5y2}, which is

' obtained from equation (2.18) on page 14 of the blue report and the fact
that —%: a(y¥ exp(-A2(y)8) = 0. Derivatives at boundaries other than 6 = 0

i were goﬁputed using 5 point numerical differentiation. The function Ge(y)

i is thus represented by an array of 250 coefficients Yij indexed from

‘ i =1, 10 along the /6 dimension and from j = 1, 25 along the y dimension.

The algorithm for the cvaluation of Ge(y) follows a pattern which is

the reverse of what has just been described. Four spline coefficients are




needed to calculate Ge(y) as a function of V8, and they are obtained by

evaluating their spline representation as a function of y. The value of
Ge(y) is therefore obtained from a 4x4 block of coefficients in the 10x25
array of coefficients {Yij}i=1,10;j=l,25' In more detail the procedure is
as follows:

I. Find K, the start index of the y dimension of the 4x4 block of
spline coefficients, from K = integer part of‘2.75y + 11.0.

II. Find L, the start index of the 6 dimension of the 4x4 block of
spline coefficients, from L = integer part of 3.5/6.

III. Evaluate the 4 spline coefficients in the spline representatior

of Ge(y) as a function of /8 for a given value of y. They are

K+3
05 = _Z Y5800 5 o= L1e1,1e2,Le3
1=K
L:S
IV. Evaluate Ge(y) = ¢B(er')

Some economy in the calculation is achieved by having the knot set in
the y dimension of Ge(y) coincide with the knot set used in the representa-

tion of X(y) and a(y) over the range -4 < y < 4,
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5. Later modification to the basic algorithm

After the algorithm described above was completed, it was found that
the accuracy of the values of Fe(y) could be slightly improved by enlarging ¢
the domain over which Ge(y) was computed by one knot in each dimension. The
new region for which Ge(y) was computed was thus -4 < y < 4,363636,

0 < V8 £ 2.285714. This meant that the number of spline coefficients

which had to be stored increased to 11x26 = 286. At the same time, it

was realized that for a considerable area inside that region Ge(y) was con-
siderably less than 0.0001. It seemed appropriate to simply set Ge(y) to
zero in that area and reduce the number of stored constants Yij' The number
of constants was reduced from 286 to 204, and the actual area over which
Ge(y) is computed is shown in diagram 1.

The penalty paid for this saving of storage space is that the algorithm
for finding the block of 16 constants for the desired y, 6 combination is
more complicated. The storage pattern of the Yij no longer falls into a
tidy rectangular grid. Instead, 11 vectors of unequal length are packed
serially in a one-dimensional array. Supplementary arrays are needed to
mark the end points of these vectors. It is questionable whether the rela-

tively modest saving in space is worth the added complexity incurred.
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6. Accuracy and Economy

The knot spacing for the spline representation had been chosen to
make the algorithm accurate to 4 decimal places. Checks were run which
compared the values given by the spline-based algorithm with the earlier,
6 decimal place accuracy algorithm. Comparisons were made on a mesh of
points at y = -4.25(0.05)4.25, 6 = 0.0(0.1)4.5. This grid is considerably
finer than the knot spacing. Another comparison was done at a grid made
up of the mid-points between knots in an attempt to do a worst case com-
parison. In both these comparisons the maximum discrepancy was less than
0.000075.

Since cubic splines are such simple functions (cubics), their evalua-
tion is rapid. 1In the algorithm 8 B-splines have to be evaluated, and
these can be done in 2 blocks of 4 using the recurrence method. The bulk
of the remainder of the calculation is made up of the evaluation of 2 expo-
nentjials, one square root and 7 inner products, each with 4 components.
Speed tests in which 4000 representative values were computed showed that
the algorithm was 35 times faster than the earlier 6 decimal place version
which used Chebychev polynomial approximation, and that in turn was about
30 times faster than the original zeros and residues method. Thus, the

spline method is about 1000 times faster than the zeros and residues method.

On a PDP11/34 with hardware floating point it produces about 200 values/sec.
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